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^ ■ Abstract 

We calculate the density of states of the 2+1 dimensional BTZ black hole in the 
micro- and grand-canonical ensembles. Our starting point is the relation between 
2+1 dimensional quantum gravity and quantised Chern-Simons theory. In the micro- 



canonical ensemble, we find the Bekenstein-Hawking entropy by relating a Kac-Moody 
algebra of global gauge charges to a Virasoro algebra with a classical central charge 
via a twisted Sugawara construction. This construction is valid at all values of the 
black hole radius. At infinity it gives the asymptotic isometries of the black hole, and 
at the horizon it gives an explicit form for a set of deformations of the horizon whose 
algebra is the same Virasoro algebra. In the grand-canonical ensemble we define the 
partition function by using a surface term at infinity that is compatible with fixing the 
temperature and angular velocity of the black hole. We then compute the partition 
function directly in a boundary Wess-Zumino-Witten theory, and find that we obtain 
the correct result only after we include a source term at the horizon that induces a 
non-trivial spin-structure on the WZW partition function. 
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mento de Fisica, Universidad de Santiago, Casilla 307, Santiago, Chile. 
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1 Introduction 



The Chern-Simons formulation of 2+1 dimensional gravity |l] has provided many interest- 
ing new insights into the problem of quantum gravity. (For a review see ||.) Most notably, 
making use of the relationship between 2+1 dimensional Chern-Simons theory and the 1 + 1 
dimensional WZW model || |J, Carlip has argued for a statistical mechanical interpretation 
of the entropy of a 2+1 dimensional black hole, backed up by a pair of tantalising calcula- 
tions which yielded the correct value for the black hole entropy, both in Lorentzian ||, and 
Euclidean M formalisms. Furthermore, the derivation given in has been recently applied 
with success to de Sitter space JF|, and may provide a tool for understanding black hole 
entropy in string theory far from extremality || . 

The most important assumption in Carlip's analysis is that those degrees of freedom 
responsible for the black hole entropy are located at the horizon. This idea is certainly 
appealing and has been advocated by many authors. However, at a technical and conceptual 
level, it is difficult to see what states are counted in Carlip's calculation, and what is being 
held fixed. In principle, it should be possible to count states in a micro-canonical ensemble, 
holding the mass and spin of the black hole fixed, or to infer the number of states in a 
grand-canonical ensemble, holding fixed the black hole temperature and angular velocity. 

A different approach to understanding the statistical mechanical origin of the 2+1 di- 
mensional black hole entropy was recently proposed by Strominger II . In this approach, the 



basic ingredient is the discovery by Brown and Henneaux |10| that the asymptotic symmetry 
group of 2+1 dimensional gravity with a negative cosmological constant [] f is the conformal 
group with a (classical) central charge 

3/ , . 

where — l/l 2 is the cosmological constant. Note that in the weak coupling limit G — > 0, c 
becomes very large. Strominger has pointed out that if one counts states by regarding the 
theory as equivalent to c free bosons, then at a fixed value of L and L , the degeneracy 
of states gives rise to exactly the Bekenstein-Hawking entropy. Since in 2+1 dimensions 
IM = Lq + Lq and J = Lq — Lq where M and J are, respectively, the black hole mass and 



angular momentum [12], Strominger's computation is clearly a micro-canonical calculation. 
In this approach one would like to find the underlying conformal field theory with a central 
charge equal to ( |1 . 1|) , and its connection is to a counting of states at the black hole horizon. 
Since it is clear that one cannot obtain the correct black hole entropy in general by looking 
only at asymptotic isometries, it seems that Strominger's calculation succeeds because the 
trivial nature of gravity in 2+1 dimensions results in an isomorphism between boundary 
theories at infinity and at the horizon. 

This paper has two goals. On the one hand, in Sec. 2 we present a micro-canonical 
calculation of the black hole entropy. Starting with a Chern-Simons theory, we find the 
algebra of global charges present at any constant radius boundary surface in the black hole 
spacetime. We prove that a subset of this infinite set of conserved charges satisfies the 
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Virasoro algebra with a central charge equal to fll.lj ). This central charge, as in [JITJ, arises 
classically [|T3 ] . The advantage of considering the Chern-Simons formulation is that the 



underlying conformal field theory is, at least at the classical level, an SL(2,R) x SL(2,R) 
WZW model whose relation to the Virasoro generators is via a twisted Sugawara construction 
13| . Further, it is possible, to show that this Virasoro algebra arises from a reduction of the 



WZW theory to a Liouville theory jLq] . The counting of black hole microstates then follows 
just as in |J. As stressed before, since this counting needs M and J fixed, the relevant states 
live in a micro-canonical ensemble. 

The subset of global charges satisfying the Virasoro algebra are shown to be precisely 
those charges that, at infinity, leave the leading order form of the metric invariant, agreeing 
with the asymptotic isometries found in Ref. [10]. However, the construction leading to a 
Virasoro algebra of surface deformations is equally valid at any radius, and in particular at 
the horizon. Thus, we are able to derive the Bekenstein-Hawking entropy from the algebra 
of horizon deformations. We give the explicit form of the generators of the Virasoro algebra 
and of the diffeomorphisms that they generate, valid at a boundary surface located at any 
radius. 

Our second goal is to find the grand-canonical partition function for the 2+1 dimensional 
black hole. In Sec. 3, we compute the partition function Z(t) for three dimensional Euclidean 
gravity on a solid torus with a fixed value of the modular parameter r of the torus. We show 
that this parameter is related to the black hole inverse temperature (3 and angular velocity 
Vt by 

r = np(n + \), (i.2) 



i 

and therefore Z(t) is clearly the grand-canonical partition function. The computation of 
Z(t) is not straightforward because the relevant group is SL(2, C) which is not compact. We 
use here the trick of replacing SL(2, C) — ► SU(2) x SU(2) JTB], and show that the partition 
function correctly accounts for the 2+1 dimensional black hole entropy, after continuing 
the spin of the £77(2) representations back to complex values. In this case, we find the 
correct answer only if we include a source term at the black hole horizon which has a 
particularly interesting interpretation in terms of the WZW theory. It tracks the spin of 
each representation and is the analogue of a (— 1) F operator in fermionic theories, twisting 
the WZW theory in the time direction. 



2 The micro-canonical ensemble 

In this section we canonically quantise the degrees of freedom associated with the grav- 
itational field, by using the relation between 2+1 dimensional gravity and Chern-Simons 
theory. We then relate the Kac-Moody algebra of the boundary WZW theory that emerges 
from the Chern-Simons theory to a Virasoro algebra that describes asymptotic isometries of 
the metric. This relation, achieved by a twisted Sugawara construction, results in a theory 
whose degeneracy at fixed mass and spin of the black hole leads to the Bekenstein-Hawking 
entropy M. 
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2.1 Global charges in C hern- Simons theory 

Let us begin with some general remarks on Chern-Simons theory, always motivated by an 
application to the 2+1 dimensional black hole. Consider the Chern-Simons action 

Ics \ A \ = ^j ^ Tr { a A A p + \^A v A^j d 3 x, (2.1) 



where as we shall see below, we shall be interested in k < 0. Up to a boundary term, (B] 
can be put into the canonical form 

I[A h M = ^-l £ ij 9a* UtA) - A a t F^) dtd 2 x, (2.2) 

(here et p( j> = 1 and Tr( J a Jb) = gab)- We take ( p. 2D , without additional boundary terms, as 
our starting point. The variation of this action leads to 

81 [A] — ^-f e^Tr (5A fl F up ) d 3 x - A / TrA t 8A^ , (2.3) 

where we have assumed, in t, p, <fi coordinates, that there is a single outer boundary at fixed 
p. In order to make the variation of this action well defined, we choose to fix one or other of 
the conditions 

A t = ±A 4> (2.4) 

at the boundary (in the SL(2, 3?) x SL(2, 3?) Chern-Simons theory we will choose ^A t = 
± ± A±). However, this is not enough to ensure the differentiability of ( p. 3D since under (|2.4| ) 
the boundary term reduces to ±6 J as TrA"^. We thus need to imposse the equation 

± 5 f TiAl = (2.5) 



or, in other words, we need to fix the value of / Tr A\ at the boundary. Under (|2.4|) and (|2.5| ) 
the action has well defined variations and the variational problem is then well posed. We 
now analise the meaning of these boundary conditions. 

The chirality conditions Q2.4|) should be regarded as specifying the class of spacetimes 
or field configurations that will be considered. In terms of lightlike coordinates x = <p ± t 
these conditions read A± = and it is well known that they are satisfied by the BTZ black 
hole solutions (see, for example, |T5||). These conditions leave a large residual symmetry 
group, namely chiral (anti chiral) gauge transformations which are generated by Kac-Moody 
fields, and the corresponding boundary degrees of freedom are described by a chiral WZW 
action. Since the black hole is asymptotically anti-de Sitter, it is natural to further reduce 
the boundary theory by imposing Polyakov's reduction conditions on the SL(2,dt) currents 



leading to an effective Liouville theory, as done in [DJ. We shall mention this possibility 
in Sec. 2.8, but in this paper we shall mainly consider the full Kac-Moody theory. Let us 
finally point out that the chirality boundary conditions (|2.4|) are not known to be in one to 
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one correspondence with the existence of a black hole, or an event horizon. The definition of 
"black holes states" is a delicate problem which needs some information about the topology 
as well as local fields. Our strategy here is to consider the chirality conditions, which include 
the black hole solutions, as a starting point and quantise the theory on that Hilbert space. 

Condition (|2.5|) fixes the ensemble to be micro-canonical. Indeed, in the SL(2, 3?) x 
SL(2,^R) theory, the values of J^Tt^A^ are proportional to linear combinations of the 
black hole mass and angular momenta. An alternative procedure would be to add the 
term / 9S TrA^ to the action ( |2.3| ) and leave its value undetermined. This corresponds to a 
canonical ensemble and will be studied in detail in Sec. 3. 

There will in general also be a boundary variation at any inner boundary, but in the 
following discussion we shall only consider charges on an outer boundary. 

In |T7], [Tj| it was shown that the algebra of gauge constraints leads to a set of global 



charges at the boundary whose Poisson bracket algebra is a classical Kac-Moody algebra. 
These global charges are equivalent to the global charges obtained by a reduction of the 
Chern-Simons theory to a boundary WZW theory. 

From the point of view of the three dimensional theory in Hamiltonian form, the global 
charges arise from considering the generators of gauge transformations 

G(v a ) = -A / e g ab v a e ij F>d 2 x + Q( V a ), (2.6) 

where Q is a boundary term. Because of the presence of the boundary, the functional 
derivative of G{rj) is well-defined only if the boundary term Q(rj) has the variation 

SQ(v a ) = 9a b ri a 6A b k dx k . (2.7) 



The Poisson bracket of two generators of the form ( 2.6|) then becomes, 

{G( V ), G(X)} = A jf d 2 xf^ b X c g ab e^F b + A g abV «D k \ b dx k (2.8) 
where DkX a = dk\ a + f bc A k X c . One expects the boundary term in the right hand side of 



fl2.8|) to be equal to the charge Q(f bc V b X c ), plus a possible central term But to check 
this we first need to give boundary conditions in order to integrate ( |2.7|) and extract the 
value of Q. We shall consider two different classes of boundary conditions. 



2.1.1 Gauge charges 

Assuming that rf is fixed at the boundary the charge is 

Q(V) = A J g ab v a A b k dx k . (2.9) 

One can then check that, indeed, the boundary term in ( |2.8|) contains the charge associated 
to the commutator [77, A] plus a central term. Imposing the constraints, the algebra of global 
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charges becomes 



{Q(v),Q(m D B = -Q([\v)) + 7^J g ab v a d k x b dx k . (2.10) 

Since we are interested in the Dirac bracket algebra, we should not only solve the constraint 
on the bulk but also fix a gauge. It is convenient to use the gauge chosen in f["3fl , and in |L5| 
in a parallel treatment using the WZW formulation, 

a p = Kpy'd^p), (2.11) 

where the boundary is taken to be at fixed p. This gauge choice together with the constraint 
F? v = imply 

A 4 , = b{p)- 1 A(<f>,t)b{p). (2.12) 

The gauge choice ( 2.11]) is preserved only by gauge transformations whose parameters are of 
the form 

r / (p,0,t) = r 1 (p)A(0,t)6(p). (2.13) 

Since rj still contains an arbitrary function of time A(0, t), it seems that the gauge freedom 
has not been fixed completely yet. The extra requirement that fixes the time dependence of 
the gauge parameters comes from the boundary condition on A^. We have chosen our action 
in order to impose one or other of the conditions 

A t = ±A 4> . (2.14) 

These conditions remove the gauge invariance since the group of transformations leaving 
( |2.14j ) invariant does not contain any arbitrary function of time. A is constrained to depend 
only on t + or t — <fi. Setting, 



A ^ *) = ~l E 9 ab T b n(t)e~ m t (2.15) 



1 1 



equation ( |2.10| ) leads to the classical Kac-Moody algebra 

\T a myTb n } = fafrTc m+n — ikmg a f,.5 m+n (2-16) 

Note that the central term has the usual sign for k < 0. 

We could have obtained the same algebra by inserting ( |2.11| ) into the action fl2~2] ) and 
computing the resulting Poisson brackets (see the next section for a detailed discussion of 
this reduction). 



2.1.2 Diffeomorphisms 

We have seen above that global charges associated to gauge transformations that do not 
vanish at the boundary give rise to an infinite number of conserved charges satisfying the 
Kac-Moody algebra. We shall now investigate those charges associated to the group of 
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diffeomorphisms at the boundary. Since the boundary is a circle, one expects to find the 
Virasoro algebra. Furthermore, since in Chern-Simons theory diffeomorphisms and gauge 
transformations are related, one expects the Virasoro and Kac-Moody generators to be 
related by the Sugawara construction. Actually, for those diffeomorphisms with a non-zero 
component normal to the boundary, one finds a twisted Sugawara construction which induces 



a classical central charge in the Virasoro algebra [13]. This central charge was first found in 
lOfl in the ADM formulation of 2+1 dimensional gravity and has recently been shown to play 
an important role in understanding the statistical mechanical origin of the 2+1 dimensional 
black hole entropy |§. 

Recall that in Chern-Simons theories, diffeomorphisms with parameter are related to 
gauge transformations with parameter if = A a p ^ by the equations of motion. In a canonical 
realisation of gauge symmetries, A% is a Lagrange multiplier, and so we must instead consider 
gauge transformations 

V a = CA«. (2.17) 

As we did in the last section, we fix the gauge by fixing A p = b^dpb. We also choose 
coordinates for the on-shell solution for which b = e pa which implies 

A a p = a a . (2.18) 

This will be a good choice of the radial coordinate at infinity for the black hole. As a 
consequence of this choice, diffeomorphisms £ l that preserve the gauge choice ( 2.11] ) and 



C P- 131 ) must be independent of p. Since the gauge choice only fixes the gauge freedom in the 
interior of the manifold, we are able to derive the algebra of global boundary diffeomorphisms 
in complete generality by looking only at £*(0,t), subject to the constraints imposed by the 
boundary condition on the gauge field. 

Since from ( |2.17|) the gauge parameter is field-dependent, we replace ( |2.9| ) by 



Q(0 =-^J 9ab (2Ca a A b + ^A a A b ) d<f>. (2.19) 
This is a good choice of Q(0 since A p is left unchanged by the action of the global charges. 



In other words A p = a is fixed at the boundary. The algebra of charges then becomes [[13 
{QWMOdb = -<?([£. C]) + ^-9a b a a a b [ f d^ r d<j>. (2.20) 

Z7T J 

If we restrict the diffeomorphisms to be of the specific form [13], [14| (see below for a geomet- 
rical justification for this restriction), 

e = (-/?%£), (2.2i) 

then the algebra of these restricted diffeomorphisms is the continuous form of the Virasoro 
algebra with central charge 

{Q(0,Q(0} DB = C]) - |^ 2 / (2.22) 
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where a 2 denotes a a a b g a b. 
Defining 

n 

or equivalently 



-inij) 



-^9ab (a a a b (3 2 + 2^8^ + A a A l 



1 

2k 



b n—m 



ina a T a 



-a 2 l3 2 5, 



gives the usual Poisson bracket version of the Virasoro algebra 

{L m , L n } = i(m - n)L m+n - ika 2 f3 2 m(m 2 - l)5 m+n , 
so that the central charge is 



2 n2 



-I2ka z l3 



(2.23) 
(2.24) 

(2.25) 
(2.26) 



which is positive for k < 00. Hence, as expected, those diffeomorphisms that lead to global 



charges, after the restriction ( 2.21) , induce an infinite number of conserved charges satisfying 
the Virasoro algebra with a classical central charge. Eq. ( |2.24| ) is an example of a twisted 
Sugawara construction | 19|| . Note that from ( f2.23|) we see that the boundary condition (2.5) 
fixes the value of Lq at the boundary. 

2.2 2+1 dimensional Chern- Simons gravity 

In 2+1 dimensional gravity with a negative cosmological constant, the Einstein-Hilbert 
action is represented by the difference of two Chern-Simons actions 



J cs = / [ (+) a] - I [^A 

for a pair of SL(2,R) gauge fields (+) A and whereQ 

k 



(±) A 



Air 



e ij Tr (WA^Aj - (±) A t ^F {J ) S 



x . 



The Einstein-Hilbert action is recovered by defining 



from which it follows that 



(2.27) 



(2.28) 



(2.29) 



(2.30) 



Note that the appearance of the term proportional to m in the Virasoro algebra is due to the shift of 

k 



the L operator by -^g ab a a a b f3 2 in fl2.24|) 



j We take J 



r _ 1 i 1 

, J\ — 5 



2 \ I J'"- 2 _l 

\r)ab where e i2 = 1 and r] ab = diag(-l, 1, 1) 



J: 



i/Ol 
2 2^10 



so that [J a , Jb] = £ c abJc, and Tr (J a J b ) 
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ignoring boundary terms. This relates the level k of the Chern-Simons theories to Newton's 
constant, 

*=—■ (2-31) 

We see that for the black hole, k < 0, explaining why we have developed our arguments for 
negative k. 



2.3 Diffeomorphisms and gauge transformations in 2+1 dimen- 
sional Chern-Simons gravity 

In the gauge theory representation of 2+1 dimensional gravity with a negative cosmo logical 
constant, it is possible to reproduce the full diffeomorphism transformation properties of 
and io a by a gauge transformation in both the covariant and canonical formalisms. In the 
covariant formalism, this gauge transformation must be chosen so that the gauge parameters 
for the connections ^A^ are equal to 

where £ M is the same in both cases. 

In the canonical formalism, the situation is a little more complicated, and perhaps not 
well-known, so we devote some space to it. If in this case we set < - + - ) ^ = , then there 
are only two arbitrary functions that parametrise diffeomorphisms, and it is easy to see that 
these two parameters only generate spatial diffeomorphisms. We are thus led to consider the 
case (+)£VH^- 

In a canonical theory, diffeomorphisms and Lorentz transformations are realised by the 
action of the constraints. In this case, the Hamiltonian is equal to 



H = 



16nG 



J d 2 x e a t £ ij [R aij + ^e abc e b i ef) + ui a t [D^ - D jeai ) 



(2.33) 



Via the two Lagrange multipliers e° and uf, the Hamiltonian induces a diffeomorphism 
defined by e" = x^ 71 " 1 + X ke t an d a Lorentz transformation defined by j a = Explicitly, 

W = % (*V + X k el) + s\ c J> (V n c + X k e c k ) - e a bc j b e^ (2.34) 
<WK = ^ a bce b i (x L n c + X k el)+d i j a + e a b ^ b i f. (2.35) 

Let us now compare these transformations laws with those obtained by a gauge transfor- 
mations parametrised by ^rf = ^ A^. It is convenient to define 

v i = \ + H e) , w*= l - -<-> e) . (2.36) 
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The transformation equations for ef and uf read 

fywtf = d t {e^ +u J a J W^)+e\ c u b l {e^ +^)-^e\ c {e b ^)el (2.37) 



I 2 



(2.38) 



Comparing this with fl2.34| ) and ( |2.35| ) we recognise these expressions as the canonical for- 
mulae for diffeomorphisms parametrised by 



along with a Lorentz transformation with parameter j a = e a ^W 3 jl 2 . Using 

1 



n 



2y/h 



(hij = e1e a j and is used to raise and lower spatial indices), we can pick out 



X 



and 



(2.39) 



(2.40) 



(2.41) 



(2.42) 



x l = V l + e l a u^W 3 . 

We can now see explicitly that if we had set W l = 0, then the gauge transformations Q2.38|) 
would not generate timelike diffeomorphisms. 



2.4 The 2+1 dimensional black hole 

The classical black hole solution |2tJ in Lorentzian signature can be conveniently written in 
proper radial coordinates as 

ds 2 = - sinh 2 p + r_#) 2 + I 2 dp 2 + cosh 2 p(^+ r+d^j ' . (2.43) 

In these coordinates, the horizon is at p = 0. <ft is an angular coordinate with period 2n. 
Note that the above metric represents only the exterior of the black hole. The inner regions 
can be obtained by replacing some hyperbolic functions by their trigonometric partners. The 
mass M and angular momentum J of the black hole are given in terms of r± as 

8G1 2 ' SGI ' 1 ] 

and the relation between the Schwarzschild radial coordinate r and the proper radial coor- 
dinate p is 

r 2 = r 2 , cosh 2 p — r 2 _ sinh 2 p. (2.45) 
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By going to its Euclidean section (see Eq. ( |3.1U| ) below), the black hole ( |2.43 ) can be 
seen to have a temperature 

h (r 2 + — r 2 ^ 
2vr/ 2 r+ 

and, using the first law of black hole mechanics, 5M = TSS + fl6 J, we find an entropy 



The metric can be written in first order form as 

/ r + dt \ . , 

e = I — h r_<20 I sinn p, 

e 1 = Idp, 

(r dt \ 
— — + r + d<p\ coshp, (2.48) 

so that after computing the spin connection, the gauge connection representing the black 
hole is given by 

&>A° = ± r -±±^- ± dA smh p, 



&A 1 = ±dp 



(±) A 2 = r _±±l_(^ ±d A coshpy (2.49) 



or in matrix form, 

(i) A — _ 

2 \z±e ±p dx ± Tdp 

where x —t/l± <f) and z± = (r+ ± r_)/Z. 

We can put this solution into the gauge (|2.11|) , 

l±1 « = ±Ji, {±) b = exp ( (±) ap) = ( e± Q P/2 eT ° p/2 ) , (2.51) 

so that 

{±) A = ±z±J 2 . (2.52) 

We then see that for the black hole 

a 2 = 1/2. (2.53) 

(Note that this value of a 2 can be changed by a rescaling of p.) 

We can see from fl2.52|) that the gauge connection A^ leads to a non-trivial holonomy 
around the closed loops of constant p and t, 

TiV exp j> {±) A^d(p = 2 cosh (irz±) = 2 cosh (n^8G(M ± J/tU . (2.54) 
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2.5 Global charges and the 2+1 dimensional black hole 

The first step in discussing the algebra of global charges for the 2+1 dimensional black hole 
is to choose appropriate boundary conditions for the gauge fields H^.. From the on-shell 
gauge fields fl2.49| ), it is natural to impose the conditions 



M < = <->4 = -ha;, (2.55) 

which lead to the conditions 

<9 T (±) £ l = (2.56) 
on the diffeomorphism parameters. This, along with the constraint 

d P (±) £ = 0, (2.57) 

then defines the complete set of diffeomorphisms that leave the boundary conditions invariant 
and preserve the gauge (|2.11|) and fl2.13|) . 

We have seen above that if we impose on these diffeomorphisms the supplementary con- 
dition 

(±) ^ = (2.58) 
then the algebra of global charges associated with the remaining diffeomorphisms, 

= (-/^H£ V), V)) , ^ = V), ^ V)) (2.59) 

leads to a pair of Virasoro algebras, one sector coming from each of the gauge fields, with 
central charge c = — I2ka 2 (3 2 . 

In terms of the gauge field ( |2.49| ) representing the black hole, the global charges (without 
condition ( 2.58[) ) generate the transformations 



5 {±) A P = 0. (2.60) 

Let us now look at the form of these transformations at infinity (corresponding to placing 
the boundary at infinity). Then, focusing on the leading order terms of order e p , we find 
that conditions (|2.58j ) with (3 = 1 are precisely what is required for them to vanish. It is 
easy to check that rescaling the coordinate q (this means changing the value a 2 ) introduces 
the (more general) condition 

a 2 (3 2 = I, (2.61) 



which of course includes the above discussion of the black hole solution in the gauge ( |2.49| ) 



Thus the sub-algebra of global charges defined by ( |2.59|) and the condition ( |2.61|) generates 
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asymptotic isometries of the black hole metric. Note that these automatically include the 
anti-de Sitter group SO(2, 2). 

Let us make a direct comparison with the asymptotic isometries found in [|10| . Using the 
results of the last subsection, we can translate the action of the transformations ( |2.59|) into 
the action of a temporal and spatial diffeomorphism. Using the on-shell values of uj^ and N, 
we see from ( 2.41 ) and ( |2.42|) , and from the appropriate coordinate relations that 

x ± = N {3) x=NW' t) 1 

x * = (3) x * + N* ( 3 ) x * = V i + WW*, (2.62) 
so that we get the diffeomorphism 

(3) x = ^ ( (+) *V) - <->*v 

<V = -i(^V) + a^*(x- 



X = ^{ W C(x + ) + ^e(x-)) (2.63) 

accompanied by a Lorentz transformation with parameter efW l /l. Comparing ( p. 63 ) with 
the asymptotic isometries found in Ref. [|10|1 , 



W x * = l(T + (x + )+T-(x-)) + ^^(d 2 + T+ + d 2 _T-)+0(e- 4 n, 
<V = -(d + T + + d„T-)+0(e-r), 

<V = T+-T-- l ^^(d 2 + T + -d 2 _T-)+0(e- 4p ), (2.64) 

we see that there is exact agreement to leading order. (Here d± = (W/d t ±d/d4>)/2, and note 
that d±T ± = -^sid^T^.) The disagreement to sub-leading order is because the diffeomorphisms 
( |2.64j ) do not preserve our gauge choice in the interior. It seems that up to a choice of gauge 
in the interior (which is irrelevant since we are trying to isolate the boundary dynamics), 
( |2.64j ) and (|2.59|) are equivalent. 

We know from the analysis of global charges that they lead to a Virasoro algebra with 
central charge c = — I2ka 2 (3 2 . Inserting (|2.61| ) and the value of k given by ( 2.31| ), we find 
that 

c=±, (2.65) 

which agrees with the result obtained in ]TD| for the algebra of asymptotic isometries. As 
a result, we see that the algebra of diffeomorphisms obtained by Brown and Henneaux is 
related to the Kac-Moody algebra of the boundary WZW theory at infinity by the twisted 
Sugawara construction (|2.24j ). 
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2.6 A Virasoro algebra at all p 



Perhaps the most important point about the analysis of global charges is that it goes through 
for a boundary located on any surface of constant p. Thus the set of diffeomorphisms defined 
by Q2.59D and ( [2.61| ) leads to a Virasoro algebra of global charges with c = —6k on any such 



boundary. However, the connection between the Virasoro algebra and isometries of the 
three metric appears to be valid only at infinity. At finite p, the Virasoro algebra is a 
subset of all deformations of that surface, but without any obvious property to distinguish 
it. In particular, if we take the boundary to be at the horizon, we find that the global 
charges that generate the Virasoro algebra generate a particular subset of deformations of 
the horizon with components both tangential and normal to the horizon, described by Q2.62|) 



and ( |2.63| ). We cannot, of course, rule out the possibility that these deformations may have 
some distinguishing properties that remain undiscovered. 

If at finite p, the subset of global charges which give rise to the Virasoro algebra are not 
special in any way, perhaps one should consider all generators 

(±) ^(x ± ) (2.66) 



on an equal footing, and regard the condition fl2.58|) as a technical step that leads to the 



Virasoro algebra. The fact that the Virasoro algebra is a subalgebra of the algebra of 
deformations then suggests that the number of states generated by the larger algebra should 
be greater than or equal to the Bekenstein value. We shall discuss this issue briefly in the 
conclusions. 



2.7 Density of states 

We have so far in this section derived the algebra of global charges on any boundary of fixed 
p, and shown that a subset of them leads to the Virasoro algebra with a classical central 
term. We have also made explicit the relation between the asymptotic isometries of Ref. 
|T0| and this subset of global charges when defined at infinity. We may now count states in 
the conformal field theory, by looking at representations of the Virasoro algebra, as done in 
0. We must look for representations with a specific value of L and L , since according to 
( 12.241 ), these two quantities are related to the mass and spin of the black hole as 

k r ( 3 ^- l A^A i + l -)d4,= 1 -(lM-J) + T L, (2.67) 



47T 

or, neglecting the 1/16G terms, 



M = ^±^, J = L — L . (2.68) 



Note that fixing ( |2.5|) is equivalent to fixing M and J, justifying our choice of action (|2.2j ) 



for the micro-canonical ensemble. 
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As pointed out in [[J , since c is large, one can use the degeneracy formula for c free bosons 
to deduce a density of states equal to 

p(M, J) = exp (^±) , (2.69) 

which agrees with the Bekenstein-Hawking entropy of the 2+1 dimensional black hole. 

It is interesting that now this analysis is not necessarily related to diffeomorphisms at 
infinity. We can think of these states as living on any surface of constant p, and in particular 
they could be defined at the horizon. As far as we are aware, this system then provides the 
first explicit realisation of a set of deformations of a black hole horizon that can be quantised 
to yield the correct Bekenstein-Hawking entropy. 



2.8 A Liouville action for the Virasoro algebra 

We end this section with a brief remark about the relation between the Virasoro algebra 
( |2.25| ) and the reduction of WZW theory to Liouville theory as discussed in 



I5l] in the 



context of 2+1 dimensional gravity, and by a number of other authors in a more general 
context (see [2T] for an extensive list of references). As explained in jnj, the first step 
is to join the two chiral WZW theories into a single non-chiral WZW theory. Then the 
reduction takes place by imposing certain constraints on the currents of the WZW theory 
and interpreting a second set of constraints as gauge fixing conditions. 

Referring back to the conditions ( 2.58[) and (|2.56|) , we see that (|2.56|) are just the chirality 
conditions for each SL(2, R) sector. As we shall see below, in the WZW theories, these 
conditions arise from the dynamics of the WZW currents. Eqs. ( |2.58|) are equivalent to 
holding fixed 

2±, (2.70) 



and are equivalent to the constraints usually imposed in the reduction from WZW to Liouville 
theory |~5| . The reduction is completed by a set of gauge fixing conditions on the currents. 
A direct application of the results of [[TjJ uses the simplest gauge fixing condition, = 0. 

Looking at the set of diffeomorphisms ( p. 21 ) that lead to ( 2.25| ), one can see from ( 2.60 ) that 
although = on-shell, 

8^Al = ±df^e. (2.71) 
Thus, Dirac brackets will be required to compute the operator algebra for the Liouville 
theory. 

We can invoke Ref. 0] and see that for any gauge fixing condition, the constraints Q2.58|) 
lead to a Liouville theory with a central charge that for large k is equal to \T2\ 

c = -6k, (2.72) 

(since we must use the non-standard convention that has k < 0). This agrees with the result 
we have obtained for the central charge from ( |2.26| ). 

We conclude that the Virasoro algebra (|2.25| ) can be interpreted as coming from an 
underlying Liouville theory, as predicted in Refs. JTH] and M. 
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3 The grand-canonical partition function 



The goal of this section is to compute the grand-canonical partition function for three di- 
mensional gravity 

Z(J3,ti) = J D[e]D[u]ew(-^lEH[e,u',PM) (3- 1 ) 

where (3 and Q are, respectively, the inverse temperature and angular velocity of the black 
hole. These two (intensive) parameters define the grand-canonical ensemble. The thermody- 
namic quantities such as average energy and entropy can then be obtained from Z through 
the thermodynamic formulae 

S = logZ-ZJ^, (3.4) 



since 



Zip, O) = / dEdJp(E, J)e- pE -^ J = e -m-m+s t (3.5) 

The problem now requires two steps: First, we need to impose boundary conditions in 
the action principle such that the action has well defined variations for /3 and Q fixed, and 
second, we need to actually compute Z(@,Q). 



3.1 Euclidean three dimensional gravity 

The grand-canonical partition function will be defined as a sum over Euclidean metrics. The 
Einstein-Hilbert action for Euclidean gravity with a negative cosmological constant may 
again be represented by the difference of two Chern-Simons actions, but now for the group 
SL(2, C) PJ. We shall use this property to compute the partition function. 
Defining, 

A a = w a + je a , A a = w a - je a , (3.6) 
andQ A = A a J a , A = A a J a , then up to boundary terms, 

2 



l EH 



jL^( i2+ p) =< ( /[i4] - / W)' (3 - 7) 



167rG Jm 

where I[A] is the Chern-Simons action written in a 2+1 decomposition, 

k 



I [A] = — J e ij Tr (-AA, + A Q F i3 ) d 3 x. (3. 



Our conventions are [J a , Jb] — e a bcJ c and Tr(J a Jb) = — (l/2)d a b- 
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Figure 1: The Euclidean black hole topology. 



The coupling constant k is given by 

*=-^, (3-9) 

just as in the Lorentzian case. 

3.2 The Euclidean 3d black hole and its complex structure 

The Euclidean black hole solution is obtained by defining t = —He and r_ = ia in ( 2.43Q , 
giving ^ 

ds 2 = sinhV (^f^ ~ ad^j + l 2 dp 2 + cosh 2 p(^^ + r + d^j . (3.10) 
For the Euclidean calculation it is helpful to change coordinates to 

<p = </> + nt E , ^° = A, (3- 11 ) 

Tip 

where 

P = H(^kry " = «- = -^- (3.12) 

Here, Qm = r-/lr+ is the Minkowskian angular velocity. 

The angular coordinate (p has the standard period < <p < 2ir, while the time coordinate 
x°, which is also periodic, has the range < x° < 1. The p = const, surfaces in the black 
hole manifold have thus the topology of a torus with the identifications 

cp ~ (p + 2nn, x° ~ x° + m, (3.13) 

with n, m integers. The radial coordinate p has the range < p < oo, with p = representing 
the black hole horizon. Thus the Euclidean black hole manifold is represented by a solid 
torus. The line p = represents the horizon, and is a circle at the centre of the solid torus. 
We shall discuss below whether in the sum over metrics in the partition function, this line 
should be regarded as an inner boundary of the solid torus (see Fig. 1). 
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The gauge field representing the Euclidean black hole is given by 



A 1 
A 2 
A 3 



(r+ -y sinhp (^ + rrfx°), 
idp, 

i(r+ — ia) cosh p 



I 



(dtp + rdx° 



where r is a complex dimensionless number given by, 

r = np (n + 1) . 

The corresponding formulae for A are obtained simply by complex conjugation. 
It is now natural to define a complex coordinate z by 

Z = ip + TX°. 

The identifications Q3.13D induce in the complex plane the identifications 

z ~ z + lixn + rm, n, m integers. 



(3.14) 



(3.15) 



(3.16) 



(3.17) 



We thus find that the black hole has a natural complex structure with a modular parameter 
r given by ( |3.15| ). 

The important point is that by the coordinate transformation ( |3.11| ), we have introduced 
a second pair of parameters into the metric, which by virtue of the periodicity relations (|3.13| ), 
should be thought of as the intensive parameters (3 and Q. On-shell, they are related to r± 
by ( p,12| ), conditions which emerge by either imposing the absence of conical singularities in 
the Euclidean manifold or using the first law 5M = T5S + Q5J. Off-shell, r and r± can be 
taken to be independent. 



3.3 Boundary conditions and boundary terms 
3.3.1 Spatial infinity 

Let us first consider the outer boundary of the solid torus which represents spatial infinity. 
The correct boundary term at infinity should be consistent with boundary conditions that 
fix j3 and fl at infinity. In the complex coordinates (z, z), the on-shell gauge field (|3.14 ) and 
its complex conjugate have the property that 

A- z = 0, A z = 0. (3.18) 

In terms of the spacetime coordinates x°, <p, these conditions read, 

A = tA^, A = TA 9 , (3.19) 
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as can be verified using A^dip + A Q dx° = A z dz + A g dz and that Im(r) = h/3/l 7^ 0. Eqs. 
( P-18| ), or ( p.!9| ), are just the Euclidean version of the chirality conditions (|2.4| ) used in 



Sec. 2, and we shall also use them here as part of our boundary conditions. The residual 
gauge group is generated by the Kac-Moody currents (A 2 ) A z which are (anti-) holomorphic 
functions of (z) z. 

The main difference with the analysis of Sec. 2 is that we shall not fix the value of / TyA 2 
because we now work in a grand-canonical ensemble. We thus need to add to the action 
( P-8p a boundary term at infinity in order to make it well defined. The appropiate action for 
the grand-canonical ensamble defined by the boundary conditions ( 3.19|) and a fixed r (note 
that this fixes (3 and Q at infinity) is 

I[A h Aq, r) = A J m e ^Tr {-A t A 3 + A oFlJ ) - ^ TrAj , (3.20) 

plus a boundary term at the horizon that we discuss in the next paragraph. [Note that 
conditions fl3.19|) were also used in ||24|| , with a slight modification that makes the modular 



parameter time dependent, in an attempt to obtain a better understanding of Carlip's original 
paper §.] 

Using the expressions fl2.68|) for the mass and spin, it is easy to see that the boundary 



term (the only term that survives in the semiclassical limit) gives the correct weight factor 
—ihj3(E — QJ) for the grand-canonical ensemble. 

3.3.2 The horizon 

The boundary conditions at the horizon are more subtle. In the Lorentzian theory it is 
quite natural to introduce a boundary term at the horizon, since only the 'outer' part of the 
black hole may be viewed as physical. In the Hamiltonian formulation this means that one 
has to fix the hypersurfaces at the bifurcation point which leads to an isolated, non-smooth 



boundary, often referred to as joint or edge. In [25] it was shown that such a non-smooth 
boundary gives rise to additional boundary terms. In the case of black hole spacetimes this 
joint contribution at the bifurcation point is responsible for the appearance of a non-zero 
charge located at the horizon, equal to one quarter the black hole area, which then can be 
interpreted as the entropy of the black hole |26], |27l . 



In the Euclidean spacetime the situation is different since the 'inner' part of the black 
hole is already cut off from the manifold. Nevertheless, it has been argued (see, for example, 
p7| ) that one also has to introduce a boundary at the origin of the Euclidean spacetime by 
removing a point from the Euclidean (r, t)-plane because the foliation using the vector field 
dt is not well defined at r = r + . Since we are using a Hamiltonian action, the t = const 
surfaces are annuli with two boundaries and it is necessary to give some boundary conditions 
at the horizon in order to ensure that the Hamiltonian is a well defined functional and its 
derivatives exist. 

We must now decide which boundary conditions to impose at the horizon. Note firstly 
that the on-shell black hole field (|3.14|) has a time component at g = that does not vanish, 

A 3 \ g=0 = -2ndx°. (3.21) 
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Since a; is an angular coordinate, one may suspect that this indicates the presence of a non- 
trivial holonomy in the temporal direction. However, an explicit calculation using ( |3.21| ) 



reveals that this is not the case and Aq can be set equal to zero by a globally well-defined 
gauge transformation. The situation changes if one allows a conical singularity at the horizon 
as advocated in f23|. In this case, the non- vanishing of Aq at the horizon does imply the 
existence of a holonomy. To handle this situation classically, one can either remove the 
horizon from the manifold and hence change the topology or, alternatively, one can introduce 
a source term or Wilson line along the horizon and work with a solid torus topology. The 
introduction of a Wilson line at the core of the solid torus was also suggested in ||23|| , but as 
far as we know its consequences were never explored. 

The above discussion suggests that we should look to fix A Q at the horizon. This can be 
achieved using the canonical action with no boundary term. However, this does not then fix 
the condition ( |3.21| ) (as opposed to allowing conical singularities). This can be ensured only 



by introducing a Wilson line term whose variation, when coupled to the bulk action, fixes 
( |3.21| ). The Wilson line term is 

^ J i Tr (KXM M - KX^A^j 5 3 (X^(r) - x fx )drdx d 2 x, (3.22) 

which is localised along a non-contractible loop in the solid torus defined by X^(r). Here r 
is a parameter along the Wilson line. K is an element in the Lie algebra of the group that 
specifies the vector charge of the source. We could also have included a dynamical source 



with its own kinetic term [^, [29|, |3|, |3(| , but it is not clear that this is necessary. 

To conform with the usual choice of coordinates, we shall take the Wilson line to be 
located along the curve p = 0, and to be parametrised by the variable <p. Since we want the 
action principle to contain the black hole in its space of solutions, the strength of the source 
is fixed by looking at the classical field ( p. 14 ) at the point p = 0. We take 



K a = (0, 0, -4tt) , (3.23) 

and the source term becomes 

k/2 J m (4 - A%) 5 2 (x)d V d 2 x, (3.24) 

where now d 2 x and S 2 (x) refer to the p, t plane (not p, tp). Note that the choice of orientation 
of K in the Lie algebra is unimportant, since it only fixes the orientation of the solution in 
internal space. The source term ( |3.24| ) is the analogue of the geometrical horizon term 
proportional to the area that was mentioned above. Indeed, on-shell, the value of this term 
(plus the other copy) is equal to one fourth of the area. In the off-shell language of Carlip 
and Teitelboim p3| , the field equations will lead to = 2tt and S = as expected, since no 
conical singularities are allowed. 
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3.3.3 The action 



The total Euclidean action for the black hole is therefore the sum of ( |3.20|) and ( 3.24]) giving, 

I[A,r;A,f]=I[A,r]-I[A,f}, (3.25) 

with 



I[A,r] 



J e«Tr (-AiAj + AoFi 
k 

'IV. 4" ■■■■ 

47T JT'l 



4:71 JM 

kr 



TrAl + 
f 2 



Kl 



A 



(3.26) 



p=0 



(where since e* u = e 2 - 7 , in Euclidean space, the sign of the bulk term is different to that in 
Q2.2D ). It is worth stressing here, once again, that this action has well defined variations 
provide r is fixed. 

Note, finally, that the micro-canonical action (|2.2|) and the grand-canonical action ( |3.26|) 
differ by exactly the boundary term at infinity equal to (3{E + QJ) that one would expect 



on general grounds, and that has been advocated by Brown and York |]3T 



We shall now explore the semi-classical and quantum mechanical consequences of this 
action. 



3.4 Semiclassical partition function 



The action (|3.20|) with the source term (|3.24| ) has the right semiclassical value. Since the 
canonical action is zero on the classical black hole background (|3.14| ) one obtains, 



where S is given by 



J semiclassical 



s 



-/3(M+QJ)+5 



2nr + 



(3.27) 



(3.28) 



as expected, and comes entirely from the source term at the horizon. 

This partition function is grand-canonical because in the action principle only /3 and Q 
(or r) were fixed. This means that Z is a function of (3 and Q. Using ( 2.44 ) and ( 3.12 ) one 
can write Z as a function of (3 and Q, 



Z(p, Q) = exp 



272 



7lH 



2h z Gf3(i + pn 2 )_ 



(3.29) 



This is the semiclassical value of the grand-canonical partition function. 
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3.5 The partition function and the chiral WZW model 

In a Chern-Simons formulation of three dimensional Euclidean quantum gravity, the partition 
function involves a sum over an SL(2, C) gauge field. We must therefore deal with the fact 
that the group SL(2, C) is not compact and the black hole manifold has a boundary. (For 
manifolds without boundaries it has been proved in [16[] that Z can be understood as a 
complexified SU(2) problem.) As has been stressed in ||, one can hope to make progress 
by treating each of the complex connections A and A as real, so that the partition function 
becomes just the product of two, complex conjugate, SU(2) partition functions. Following 
H we shall write 

Z = \Z S u(2)\ , (3.30) 

and compute Z SU ( 2 ), hoping to make sense of its relation to the trace over states in SL(2, C) 
by some form of analytic continuation. 

We thus consider the functional integral, 

Z SU (2)(r) = J L>[Ap[A)]exp Ql[A, A>;rf) , (3.31) 



where / is given in ( |3.26|) , and we integrate over all gauge fields satisfying the boundary 
conditions 



Integrating over A gives the constraint that = 0, which implies that Ai = h~ 1 dih 
where h is a map from M to the group. We also have to fix a gauge and we can do this 
using the gauge fixing choice ( [2.11| ) which fixes 

h(p, <p, t) = b{p)g{<p, t), A(cp, t) = g-^g. (3.32) 

Since the first homotopy group of the solid torus is non-trivial, g could be multi- valued. After 
inserting the gauge fixed and flat Ai into the functional integral one obtains an expression 
that only depends on the boundary values of the map g Q, 

Z S u(2)(r) = J Dgexp (^Icwzwb, r] \ , (3.33) 
where the chiral WZW action is given by, 



Icwzw[g,r] = -^/ T2 Trart)-Y^/ M Tr(^) 3 - 

^ J Tr(g-%gf + A J Tr(Kg-%g). (3.34) 



Here K is related to the original K of ( |3.23| ) by conjugation by b(p) and so may be taken 
equal to K without loss of generality. 

The reduction of the three dimensional problem to a two dimensional conformal theory 
is a consequence of the absence of propagating degrees of freedom in the three dimensional 
field theory. This allowed us to solve the constraint. A second consequence of the absence of 
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degrees of freedom is that the boundary term at the horizon is now linked to the boundary 
term at infinity. The conformal field theory lives on a torus with no reference at all to the 
radial coordinate. 

The chiral WZW action ( |3.34|) has two pieces. The kinetic term (first line) defines the 
commutation relations of the theory. As is well known [ 32f , these commutation relations are 
given by the SU(2) Kac-Moody algebra, 

[Tl T h J = ihe ab c T c n+m + nh^5 ab 5 n+m ,o, (3.35) 
where the are the Fourier components of the gauge field, 

r> OO 

A v = g-%g = - £ T n V^. (3.36) 

™ n=-oo 

Note that it is more convenient to define the T% in this way rather than as in fl2.15|) in 
Euclidean space. The second piece (second line in ( |3.34| )) is the Hamiltonian. Since the 
Hamiltonian involves A 2 it has to be regularised by choosing a normal ordering. Moreover, 
it is well known that the coefficient of L in the non-Abelian theory is not k~ x but rather 
(k + h)~ l . In the following we shall be interested in the limit of large k and therefore this 
shift can be neglected. 

The partition function can then be calculated as 

k/h fi i \ 

Z{r) = £ Tr s exp -tL + 2tt-T 3 , (3.37) 

2s=0 tl / 



where for large k, L Q is given by 



1 oo 

L ° = T E ■TlX-Sab, (3.38) 



i. 

h n=-oo 



and s labels the spin of the different SU(2) representations (it can be integer or half- integer). 
The symbol Tr s represents a trace over states belonging to the representation with spin s. 
The spin structure term can be thought of as being equivalent to having a non-zero flux 
through the hole created by closing the time direction. 

The problem of computing Tr s (q L o/ n e ieT o/ h ^ for a given value of s, q and 9 is well known 
and explicit formulae are available. For SU(2), writing q = e tT and taking 9 = 2tt, one has 



Tr (a^/n^/n) = gM* + DA ^ ^^nk/n^ + 1 + 2n k/h)q^+(^ 

s[ } n- =1 (i- g -)3 ' 

The denominator in (|3.39|) does not depend on s and it is therefore a global factor in the 
partition function. This factor provides a quantum correction to the entropy that does not 
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depend on Newton's constant. The value of this contribution can be calculated in the limit 
of small t (large black holes) as 



n~ =1 (l - q m ) « e" 2/6(g - 1} . (3.40) 



Inserting q = e lT and using (|3.4|) and ( |3.30|) , the contribution to the entropy from this term 
is equal to 

So = ^± (3.41) 
This correction, which does not depend on G, has already appeared in the literature 
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Let us now consider the numerator in ( |3.39| ). In the limit of large k, the sum over n 
is suppressed because e~ kn — > exponentially for n ^ 0. We thus keep only the term 
n = 0. This means that the Bekenstein-Hawking entropy does not come from the higher 
Kac-Moody modes but from the sum over representations. This is quite different from the 
analysis in || in which the entropy comes from the term with zero spin^. Setting n = and 
defining j = 2s, we arrive at 

k/h 

Z su{2) = Z Z 1/k J2j (-l) j e lhT > 2/4k , (3.42) 
i=i 

where Z represents the correction that does not depend on G, while Z 1 / k the contribution 
from the sum over n whose logarithm vanishes at least as 1/k. 

Note that in the quantum calculation the term exp (27uTq / h), arising from the boundary 
term at the horizon, produces the factor (— l) 2s which may be interpreted as a (— 1) F operator 
that alternates bosonic and fermionic representations. We shall see that this operator has 
an important role in producing the right contribution to the entropy. 

The sum ( |3.42 ) is not what we want because the black hole does not belong to the set 



of states that we are considering when we calculate the SU(2) partition function. Indeed, j 
labels unitary 577(2) representations for which 

Lo \j) = \j) = ^ +2) \j) ■ (3.43) 

However, the value of Lq on the black hole background is Lq = —k(r + + ia) 2 /4l 2 , from which 
it follows that 

f = -^±±M!, (3.44) 

for large j. Thus, the states we are interested in for the black hole belong to an SU(2) 
representation with complex spin. Even in the non-rotating case, a = 0, j 2 is negative and 
thus cannot be real. We shall not attempt to give any interpretation to such a representation 



5 Note, however, that it is possible that the source term at the horizon could be regarded as an effective 
action term that arises from integrating out modes that are not seen in this SU(2) x SU(2) calculation. 
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here, but the reason behind it lies in the fact that Euclidean gravity is a Chern-Simons theory 
for the group SL(2, C) rather than two copies of 577(2). 

Let us analytically continue j to the complex plane and set j — > ij. The sum reduces to 

z S u(2) = z z 1/k J2j ex P + • ( 3 - 45 ) 

Note that the (— 1) F operator now has eigenvalues e nJ . Remarkably, this term which produced 
the right entropy in the semiclassical calculation, also provides the right degeneracy in this 
quantum mechanical calculation. 

Consider the total partition function Z = \Zsu(2)\ 2 - Since j is complex we define j = 
ji + ij2- Using r = hj3(Q + i/l) and k = —l/AG we find 

Z = \Z Z l/k \ 2 J2 (j? + H) exp (—(3(Mj u j 2 + nj hd2 ) + 2ttji) . (3.46) 

h >ia 

with 



M- ■ = Ul ^ J ■ = J1J2 (3 47) 



2Gh 2 (jf-jj) IGh'hh 
P ' I 
Since, for a black hole, M and J are related to the inner and outer horizons by ( |2.44| ) (or in 
the Euclidean version by replacing r_ = ia), we obtain 



4G7yi, a = 4Ghj 2 . (3.48) 



The term (jf outside the exponential in ( p.46[ ) combines with the sum to give the 



required measure over M and J. The entire partition function becomes 

Z(J3, 0) ~ / dMdJp(M, J) exp (-(3(M + fij)) (3.49) 

and implies that the density of states is p(M, J) = exp(27rji). Using (|3.48|) , we obtain 



p( M,J)=expp±iMii)), ,3.50) 

in complete agreement with the Bekenstein-Hawking value. 

Finally, the semiclassical grand-canonical partition function ( 3.29Q and thus the entropy 



S can be obtained by a simple saddle point approximation Q3.45 ). Noticing that the sum 
( p.45| ) has a saddle point at j — 2-n-ik/hr we find that 

( \ / X 

Zsu(2){t) = Z Z l/k exp I j , (3.51) 

where we have inserted k = —I /AG. Computing the complex modulus of Z, and taking into 
account the value of r given in (|3.15|) , we find that 
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in complete agreement with ( |3.29| ). 

It is interesting to note that this calculation can be repeated in the case where k — ► oo, 
the semiclassical limit, in a purely abelian theory. Details of this calculation are given in the 
appendix. 



4 Conclusions 

We have performed two separate calculations of the entropy of the 2+1 dimensional black 
hole using the relation between 2+1 dimensional gravity and Chern-Simons theory. In Sec. 
2, we have worked in the micro-canonical ensemble, and have calculated the density of states 
starting from the Kac-Moody algebra of global charges (WZW theory). We have computed 
the correct density of states by relating the global charges to a particular Virasoro algebra 
via a twisted Sugawara construction, in a way first considered in fl3|| . This Virasoro algebra 



turns out to generate the same asymptotic isometries considered in Refs. JTO], ||, if the 
analysis of global charges is performed at infinity. We have shown that it is also present 
on any other boundary surface at constant radius, including the black hole horizon. In Sec. 
3, we have worked in the grand-canonical ensemble, which we have defined by adding an 
appropriate boundary term at infinity. We have found that in order to obtain the correct 
partition function we must also add a source term at the horizon. This source term gives 
the correct value of the partition function both semi-classically and in an exact quantum 
mechanical calculation. It is the analogue of the term equal to A /AG that is sometimes 
added to the canonical Einstein-Hilbert action to yield the correct semi-classical partition 
function for black holes in arbitrary dimensions. 

In the micro-canonical calculation we saw that we obtain the correct density of states 
at a given value of mass and spin after we make a reduction from the WZW theory to a 
theory of boundary deformations that satisfies the Virasoro algebra, or equivalently to a 
Liouville theory. Since this reduction involves additional constraints on the allowed global 
charges, it one expects that the density of states should be greater in the WZW theory 
(although possibly equal to leading order). Why, then, can one not calculate the density of 
states directly in terms of representations of the Kac-Moody algebra? In the WZW theory, 
it seems clear that there are an insufficient number of states (and for this reason, in the 
grand-canonical ensemble the correct partition function required the addition of a source 
term to give a larger apparent degeneracy). The answer presumably lies in the use of a 
twisted Sugawara construction to connect the Kac-Moody and Virasoro algebras. Although 
the states we eventually count are unitary states with respect to the standard quantisation of 
the Virasoro algebra, they most probably correspond to a non-unitary, twisted representation 
of the Kac-Moody algebra^. Thus in order to find the correct density of states, we should look 

6 Car lip |0 has pointed out that the correct number of states is obtained through a representation of the 
Virasoro algebra with c = 3Z/2G only if the vacuum has Lq = 0, which translates to a negative eigenvalue 
for Lq defined in an untwisted Sugawara construction from the underlying WZW theory However, it is 



interesting to note from (2.67) that the condition Lq = corresponds to M = — 1/8G, J = (Anti-de Sitter 



space) and Lq = — Z/16G, while the black hole vacuum M = J = has Lq = but io = //16G. This 
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at a different set of states to those usually constructed in representations of the Kac-Moody 
algebra. Of course, this calculation is further complicated by the fact that representations 
of SL(2, R) WZW theory are poorly understood. 

In contrast to the micro-canonical case, in the grand-canonical calculation we have man- 
aged to obtain the correct density of states directly in a standard (not twisted) WZW theory, 
using standard expressions for the partition function (and an analytic continuation). How- 
ever, this result came from a partition function with a "spin-structure" term, twisting the 
WZW theory in the time direction. It seems likely that the twists in the space and time 
directions that we have discussed are related by a modular transformation^. 

In this context, it is also interesting to speculate on the correct interpretation of the 
source or Wilson line term that gives rise to the non-trivial "spin-structure" . We saw in our 
semiclassical and quantum mechanical calculations that this term produces the black hole 
entropy not as a density of states, but rather as an operator eigenvalue. We conjecture that 
this source term can be understood in a different context as an effective action term. If we 
begin with the micro-canonical picture of a twisted WZW model with trivial spin-structure, 
then it should be possible to get back to an untwisted WZW theory by integrating out the 
additional degrees of freedom arising from the spatial twisting of the WZW theory. The 
effect of integrating out these states would be to introduce the spin-structure term. It would 
be extremely nice to see this connection explicitly. 

Finally, we comment on what these various calculations tell us about the location of the 
degrees of freedom giving rise to the black hole entropy. While Carlip [^, ^| has advocated 
that these degrees of freedom should be located on the black hole horizon, Strominger || has 
shown that the algebra of asymptotic isometries of the metric leads to the correct density 
of states. Our discussion of the global charges and of the reduction to Liouville theory in 
Sec. 2 showed explicitly that the Virasoro algebra responsible for the density of states can 
live at any value of the radius p. A similar conclusion is suggested by the p independence 
of the grand-canonical calculation. We were able to obtain an explicit form for a set of 
deformations of the horizon whose classical algebra is the Virasoro algebra, with the same 
classical central charge as the set of asymptotic isometries, that gives the correct Bekenstein- 
Hawking entropy. 

The discovery of an algebra of operators at the horizon, whose representations yield the 
correct density of states, makes an extension of these ideas to higher dimensions look more 
plausible. Whereas it is unlikely that the algebra of asymptotic isometries of black holes in 
higher dimensions could lead to the correct density of states, it seems more likely that an 
algebra of deformations of the horizon could have the required properties. Although these two 
algebras are identical in our case, this is because of the trivial dynamics of 2+1 dimensional 
gravity and would certainly not be true in general. In higher dimensional applications, one 
would then have to relate these charges at the horizon to the mass and spin of the black 
hole. This problem is solved in our case by the same trivial dynamics of the theory. 

strongly suggests that our ensemble includes Anti-de Sitter space as its true vacuum. 

7 It would be interesting to compute the Euclidean partition function in a canonical framework where <p 
is the time coordinate and to verify that this can yield the same partition function. 



27 



What is not so clear from our analysis is the physical interpretation of the subset of 
deformations that lead to the Virasoro algebra at any finite radius. However, as mentioned 
above in the context of WZW theory, the restriction to this subset of deformations will 
reduce the density of states, but it may well not change it to the leading semi-classical order. 
In that case, the complete algebra of deformations of the horizon would lead to the correct 
density of states. However, checking this probably requires getting a handle on the problem 
of state counting in the WZW theory. 

We are hopeful that a generalisation to arbitrary dimensions of the calculations that have 
been developed for the 2+1 dimensional black hole may come about through the algebra of 
deformations of the horizon. Indeed, this algebra may have a very direct application for black 
holes in higher dimensions whose near-horizon behaviour is similar to the 2+1 dimensional 
black hole. In this case we would be able to talk of states localised at the horizon. 
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A The Abelian WZW Theory 

In the weak coupling limit the non Abelian nature of the theory can be neglected. Therefore 
it should also be possible to derive the semiclassical value of the partition function from the 
Abelian theory, and we shall now show that this is indeed the case. If we define 

g(t,<p) = e xa ^ J °, (A.l) 

where J a are now the generators of the Abelian Lie algebra, the chiral WZW action ( |3.34 ) 
reduces to 

Icwzw[X, r] = ^J (-d X a d^X a + r (d v X) 2 - 4tt^X 3 ) . (A.2) 

From this action we find the field equations 

(do - rd v )8 v X a = 0. (A.3) 

Thus the general solution of these field equations contain only right moving modes which 
expresses the chirality of our theory. Motivated by the field equation we may expand X a in 
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normal modes as, 



kX a {x°, <p) = 2<pa%(x°) + ^-^e mv + 2a(x°). 



in 



(A.4) 



Note that the action ( |A.2|) has a gauge symmetry, 5X a = e(x°), which we use to set 
the function a (a; ) to zero. Replacing the mode expansion into the chiral WZW action, one 
obtains 

Icwzw[a) = J dx° £ %^ + £ + tL - 2nal] , (A.5) 



n > x ikn 



where L is a Virasoro generator, 

L Q = ha 2 + 2Y,a a _ n a an ), (A.6) 

fc n>l 



and where we have eliminated total derivative terms. The action ( |A.5|) gives rise to the 
Abelian Kac-Moody algebra 

nh^S ab 6 n+mfi , (A.7) 



from which we can define a Fock space in the standard manner. 
The partition function can be calculated as, 



Z(t) = J D[a] exp (^Icwzw[a, r] \ = J da Tr exp (jrL - ^ 2Tca tj ■ ( A -8) 



From the field equation ( |A.3| ) we deduce again that semi-classically only the zero modes 



contribute to the partition function. Hence we may split the partition function (]A.8|) into a 
leading and a sub-leading part 

Z(r) = Trq N J rfaoexp {l (r^ - 2vr^) } , (A.9) 

where we have introduced the number operator 



oo 



N = —J2 tab a a _ n a b n . (A. 10) 

nK n=l 

In the saddle point approximation the integral over «o («o = «q = and «g = kir/r) is 
easily evaluated 

Z(r) =Trg jV exp{ „ ^ 1 . (A.ll) 

Note that the integral over «o is only well defined, if we assume a 2 , < 0. For the calculation 
of the prefactor we need to know the number of states at each level N = n. This calculation 
is well known and can be found in [P5|| . In the limit r — > (large black holes) one finds 



' m 2S 



Trg 7V = expl^-). (A. 12) 
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The total partition function is thus given by 

Z(fi,0> = |Z(r)|' = exp ( ^g- m2) + m ;l' m2) ) . (A.13) 

Thus the Abelian calculation not only produces the Bekenstein- Hawking part of the partition 
function but also leads to the Z correction discussed above. 
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